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Abstract
The φ4 field model is generalized to the case when the field φ(x) is de-
fined on a Lie group: S[φ] =
∫
x∈G L[φ(x)]dµ(x), dµ(x) is the left-invariant
measure on a locally compact group G. For the particular case of the affine
group G : x′ = ax+b, a ∈ R+, x, b ∈ Rn the Feynman perturbation expan-
sion for the Green functions is shown to have no ultra-violet divergences
for certain choice of λ(a) ∼ aν .
The scalar eld theory with the forth power interaction λ4!φ
4(x) dened on
Euclidean space x 2 Rn is one of the most instructive models any textbook in
eld theory starts with, see e.g. [1]. Often called a Ginsburg-Landau model for












in n-dimensional Euclidean space. The Green functions
Gm(x1, . . . xm)  hφ(x1) . . . φ(xm)i = 1
WE [J ]
δn





are evaluated as functional derivatives of the generating functional











(The formal constant N associated with functional measure Dφ dropped here-
after.)
The straightforward way to calculate Gm is to factorize the interaction part
V (φ) of generation functional (3) in the form
























, D = −∂2 +m2
(5)
is the free part of the generating functional, and then evaluate the perturbation




















with no limit  ! 1. To obtain the physically meaningful results the theory
is treated by renormalization group technique, where λ = λ() is considered as
a cut-o dependent constant [2]. In particular case of λφ4 theory in n = 4 − 
dimensions λ = u0, where u0 rather than λ is treated as a constant [3].
The point of this note is to show, that from the group theory point
of view, the application of the Fourier transform (6) to the field theory
(3) is only a particular case of decomposition with respect to a Lie
group G. G : x0 = x+ b for the case of Fourier transform, but different
G may be chosen as well.
In general, a vector jφi of a Hilbert space H can be decomposed with respect





where U(g) is a square-integrable representation of G, and jψi 2 H is a vector






U(g)jψi  jg, ψi, hφjg, ψi  φ(g),






hφjg1, ψidµ(g1)hg1, ψjDjg2, ψidµ(g2)hg2, ψjφi + interaction term.
2
For the particular case of φ4 interaction the generating functional (3), can be,
therefore represented in the form
ZG[J ] =
∫ Dφ exp(− 12 ∫G φ(g1)D(g1, g2)φ(g2)dµ(g1)dµ(g2)
− λ04!
∫



































in scale-position representation (a, x). For the linear operator D = −∂2 + m2
these matrix elements can be easily evaluated using (a, k) representation:




















The interaction interaction in (9) has the 4-th power in φ, so in the simplest
case we still can consider a φ4 theory, but with coupling constant depending on
g = (a, b). Assuming the homogeneity of the interaction (the independence on
b), we arrive to a eld theory with λ = λ(a).




φ4, λ = λ(a)  aν . (11)
The one-loop order contribution to the Green function G2 can be easily evalu-













Therefore, there are no ultra-violet divergences for ν > n− 2.
In the next orders of perturbation expansion each vertex will contribute k−ν
to the formal divergence degree of each diagram. So far, for the φN theory
in n dimensions a diagram with E external lines and V vertexes has a formal
divergence degree












Of course, the power law behavior of the coupling constant λ(a) = aν is not
quite realistic. It seems more natural if λ vanish outside a limited domain of
scales a0−, a0+. If it is the case there will be neither UV nor IR divergences.
The physical meaning of considering a eld theory on the ane group seems
more important. Doing so we acquire two parameters: the coordinate b and the
resolution a. The former is present in any eld theory, but the later is not. Such
model can be considered as a continuous counterpart of lattice theory, but now
we consider the grid size as a physical parameter of interaction and there is no
need to get rid of it at the end of calculations.
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